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1. Let X be a Banach space, X* its dual. The unit ball and the unit sphere of 
X are denoted by B{X) and S{X) respectively. Let us recall some definitions. 

A subspace M oi X* is said to be total if for every 7^ a; G X there is an / G M 
such that f{x) 7^ 0. A subspace M C X* is said to be norming if for some c > 
we have 

(Vx G X){ sup > c||x||). 

/6S(M) 

Let M be a subspace of X*. The set of all limits of weak* convergent sequences from 
M is called its weak* sequential closure and is denoted by M(i). It is clear that M(i) 
is a linear subspace of X*. But M(i) need not be closed and, consequently, need not 
be weak* closed. Corresponding example has been given by S.Mazurkiewicz. This 
was a reason to S. Banach to introduce [1, pp. 208, 213] weak* sequential closures 
(S. Banach used the term "derive faible") of other orders, including transfinite ones. 
For ordinal a the weak* sequential closure of order a of a subspace M C X* is the 
set 

^(a)= U(^(/5))w- 

/3<a 

For a chain of weak* sequential closures we have 

M(i) C M(2) C . . . C M(,) C M(,+i) C . . . . 

If we have M(q,) = M(^a+i) then all subsequent closures coincide with M(q). The 
least ordinal a for which M(q,) = M(^a+i) is called the order of the subspace M. 

The study of total subspaces with infinite orders turns out to be important in 
the theory of topological vector spaces [4], [9], subspaces of order 2 turns out to 
be useful in the theory of improperly posed problems [11]. So the problem of 
description of total subspaces of prescribed order arises in a natural way. The 
purpose of the present paper is to investigate the following version of this problem. 
Let a separable Banach space X and an ordinal a are given. For what Banach 
spaces Y there exists an isomorphic embedding T : Y X* such that T{Y) is a 
total subspace of order a in X*7 

Let us say few words about terminology and notation. The term "operator" 
means a bounded linear operator. For a subset A of a Banach space X lm{A) and 
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cl{A) are, respectively, the linear span of A and the closure of A in the strong topol- 
ogy. For a subset ^ of a dual Banach space X* w*—cl{A) and A'^ are, respectively, 
the closure of A in the weak* topology and the set {x ^ X : (Vx* e A){x*{x) — 0)}. 
The direct sum of spaces X and Y is denoted by X (BY. We hope that our ter- 
minology and notation are standard and self-explanatory. Our sources for Banach 
space basic concepts and results are [7], [8], [14]. 

Now we shall list known results about weak* sequential closures which will be 
used in this paper. Let X be a separable Banach space. 

1. Subspace M C X* satisfies the equality M(i) = X* if and only if M is 
norming [1, p. 213]. 

2. If the Banach space X is quasireflexive then [14, p. 78] every total subspace 
M of X* is norming and hence we have Af^i) = X*. 

3. For any subspace M C X* we have [1, p. 124]: 

(M = M(i)) ^{M = w* - cl{M)). 

4. The order of any subspace of X* is a countable [14, p. 50] non-limit [6] ordinal. 

5. If the Banach space X is a nonquasireflexive then for any countable ordinal 
a the space X* contains a total subspace of order a -|- 1, [10]. 

II. Let us consider the problem stated in the paragraph I. The case when X is 
reflexive is trivial. If X is quasireflexive then by statement 2 from I the order of 
any total subspace of X* is or 1. It is easy to see that in this case the set of 
isomorphic types of total subspaces of order 1 coincides with the set of isomorphic 
types of closed subspaces of X* with codimension between 1 and dim(X**/X). The 
question whether this subspaces are isomorphic to X* is the version of well-known 
problem. We shall not consider this question. 

If the space Y is such that Y* does not contain closed norming subspaces of 
infinite codimension and Y is isomorphic to a total subspace of X* then by [12, 
Theorem 3.1] Y is isomorphic to a norming subspace of X* and hence X is iso- 
morphic to a subspace of finite codimension of Y* . On the other hand it is easy 
to see that if the space Y is nonquasirefiexive and X is isomorphic to a finite- 
codimensional subspace of Y* then Y is isomorphic to a total (and even norming) 
subspace of X*. Therefore if Y is nonquasirefiexive space such that Y* doesn't 
contain closed norming subspaces of infinite codimension then the operator T from 
the problem posed in the first paragraph may be found only for a = or a = 1 
and if and only if X is isomorphic to Y* or to finite-codimensional subspace of Y* 
respectively. 

For quasirefiexive space all that we say above remains true. The only additional 
condition is that X must be isomorphic to a subspace of Y* with codimension no 
greater than dim(y**/y). Therefore it is natural to consider only the following 
particular cases of the problem from the first paragraph. 

Let X be a nonquasirefiexive separable Banach space. Let y be a Banach space 
isomorphic to a subspace of X* and such that Y* contains closed norming subspaces 
of infinite codimension. Let a be a countable ordinal. 

Question 1. Does there exist an isomorphic embedding T : y — > X* for which 
the subspace T{Y) is total? 

Question 2. For what countable ordinals does there exist an isomorphic em- 
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At first we shall show that in general the answer to the question 1 is negative. 
After this (in the third paragraph) we shall find additional condition under which 
the answer onto the question 1 is positive and consider question 2. 

Theorem 1. There exist a separable Banach space X and a separable subspace 
Y C X* such that Y* contains closed norming subspaces of infinite codimension 
but Y is not isomorphic to a total subspace of X* . 

We need space constructed in [2]. Let 1 < p < 2. Let us denote by Xn{n = 
0, 1, 2, . . . ) a subspace of Ip consisting of the vectors whose coordinates are equal to 
zero begining with {n + l)-th. The space J{lp) is the completion of the space of all 
finitely non-zero sequences {xn}^=o{xn G Xn) under the norm 

m — l 

||{a:n}~=ol|j = sup( J]] \\xp(k+i) -Xp{k)\\'^ + 1 1x^(^)1 

fc=l 

where the sup is over all increasing integer sequences {p{i)}YLi with p{l) > 0. 
We shall use the following result about the spaces J{lp),l < p < 2. 

Theorem 2. [13] 

A. The space {J{lp))** can be represented as a direct sum Z © Ip, where Z is 

the canonical image of J{lp) in its second dual. 

B. Every weakly null bounded away from sequence in J(lp) contains a subse- 
quence equivalent to the orthonormal basis of I2 ■ 

Let us pass to the proof of theorem 1. Let X = lq®{J{lp))* , where 1/q = 1 — 1 /p. 
Let y be a canonical image of J{lp) in X*. Theorem 2. A implies immediately that 
Y* contains closed separable norming subspaces of infinite codimension (e.g. the 
annihilator in Y* of the direct summand isomorphic to Ip in Y**). It remains to 
check that Y is not isomorphic to any total subspace of X*. In order to do this we 
need the following variation on the theme of Pitt's result [8, p. 76]. 

Lemma 1. Every operator R : J{lp) — > lp{l < p < 2) is compact. 

Proof. Assume that cl(i?(i?( J(/p)))) is a non-compact set. Then there is a sequence 
{yi}iZi in B{J{lp)) so that 

(36 > 0)(Vz, j e N,z ^ j){\\Ryi - Ryj\\ > S). 

Since ( J(/p))* is separable then we can find a weakly Cauchy subsequence {j/i(n)}5^i 
in {Vij^i- For a sequence Zn = 2/i(2n) - 2/i(2n-i) {n e N) we have 

{yneN){\\Rzn\\>Sy, (1) 
w — lim Zn = 0. (2) 

n— >oo 

By theorem 2.B we can select in {zn}^=i a subsequence {zn{k)}kLi equivalent to 
the orthonormal basis of By (1), (2) and well-known results [8, p. 7, 53] the 

sequence {Rzn(k)}k^=i contains a subsequence equivalent to the unit vector basis of 
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Let T : y — > X* be arbitrary isomorphic embedding. We have X* = Z^, ® 
( J(Zp))** = Ip® J{lp) ® Ip- Let us denote by Pi, P2 and P3 the projections corre- 
sponding to this decomposition. We have T = P1T+P2T+P3T. The operators PiT 
and P3T are compact by Lemma 1. Hence the kernel of P2T is finite-dimensional. 
Let us represent the space 1" as a direct sum kerP2T © Yi. The compactness of 
operators PiT and P3T implies that the restriction of P2T to Yi is an isomorphism. 
We shaU denote it by R. The subspace ^(^1) C {0} ® J{lp) ® {0} wiU be denoted 
by M. Subspace T{Yi) C X* can be represented in the following form: 

T(Yi) = {{PiTR-^m, m, P^TR-^m) :meM} dp® J{lp) © Ip. 

It is clear that in order to finish the proof of Theorem 1 it is sufficient to prove that 
weak* closure of T{Y) in X* does not coincide with X* . Since the linear span of 
the union of weak* closed and finite-dimensional subspaces is weak* closed then it 
is sufficient to prove that w* —c\{T{Yi)) is of infinite codimension in X* . 

Since M C {0} © J{lp) ® {0} then every operator Q : M ^ X* is continuous 
if we endow both spaces with the topology cr(X*,X). Let us introduce operator 
Q : M ^ X* defined in the following way: 

Q(0,m,0) = {PiTR-'^m,m, PsTR-^m). 

It follows from what we have said above that Q is an isomorphic embedding. It is 
easy to see that Q has (unique) X)-continuous extension onto the subspace 

w*—cl{M) C X*. Let us denote this extension by Qe- It is easy to check that Qe 
can be represented as a sum of the identity operator (on w*—cl{M)) and a compact 
operator. Therefore the kernel of Qe is finite-dimensional and the restriction of Qe 
to any weak* closed complement of kerQe in w*—cl{M) is a o"(X*, X)-continuous 
isomorphism. Therefore by the Krein-Smulian theorem the image of Qe is weak* 
closed. Since Q{M) = T{Yi) then we obtain w*-c\{T{Yi)) cimQe- On the other 
hand since PiQ is a compact operator and w*—cl{M) is contained in {0}®J{lp)®lp 
then PiQe is also compact. Therefore imQe and hence also w*—cl{T(Yi)) is of 
infinite codimension in X*. The theorem is proved. 

III. In this part of the paper additional condition under which answer onto 
Question 1 become affirmative is pointed out. We shall also consider Question 2. 

Let X be a Banach space. Let y be a subspace of X*. Every element of X may 
be considered in a natural way as a linear functional on y. So there is a natural 
mapping of X into Y*. We shall denote this mapping by Hy- 

Theorem 3. 

A. Let X be a separable Banach space. Let Y be a subspace of Y* such that 
Hy{X) is of infinite codimension in Y* . Then there exists an isomorphic 
embedding T : Y ^ X* the image of which is total and, moreover, we have 

(T(y))(2)=x*. 

B. If additionally the subspace Y~^ G X is infinite- dimensional then the oper- 
ator T can be chosen in such a way that (T(y))(i-) ^ (T(y))(2) = X* . 

C. If additionally the subspace Y'^ G X is nonquasireflexive then for every 
countable ordinal a there exists an isomorphic embedding T : Y ^ X* such 
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Remark. Condition of the part A of Theorem 3 are satisfied if the image of Hy is 
non-closed. 

Proof of Theorem 3. Using the arguments from the proof of Proposition 3.5 of [12] 
we can prove the following result. 

Lemma 2. Let X be a Banach space. Let Y be a subspace of X* such that Hy{X) 
is nan- closed. Then there exists an isomorphic embedding E : Y ^ X* such that 
cl{E*{X)) is of infinite codimension in Y* and {E{Y))~^ D Y~^ . 

By this lemma we may restrict ourselves to the case when cI{Hy{X)) is of infinite 

codimension in Y*. By separability of X and remark from [3, p. 358] there exists 
a weak* null basic sequence {ui}^-^ in Y such that for certain bounded sequence 
C X** and certain partition {/fc}^i of the positive integers into pairwise 
disjoint infinite subsets we have 



** / *\ 



1, if z e 4; 
0, if i ^ Ik- 



At first we shall prove parts A and B of Theorem 3. Let {x^}^^ be a normalized 
sequence spanning a norming subspace of X*. Let us introduce the operator T : 
X* X* given by 

oo 

T{x*) = X* + j]4-'=^r(^*)4/ii^rii- (3) 

k=l 

It is easy to see that for every x* e X* we have 

(2/3)||x*||<||T(x*)||<(4/3)||x*||. (4) 

Therefore T is an isomorphism. Let us show that (r(y))(2) = X*. For i E Ik 
we have T(u*) = u* + 4~''x^/||'U^*||. Since the sequence {u*}^^ is weak* null we 
obtain that xl G (T(y))(i). Since vectors {xl}'^^^^ span a norming subspace in X* 
it follows that (T(y))(2) = X* . Part A is proved. 

In order to prove part B we have to prove that in the case when Y^ C X 
is infinite-dimensional the subspace T(Y) C X* is nonnorming. Let y E Y and 
z e (n^^i kera;^) n Y^ . Then 



iTy)iz)= J2 ^-'vriy)xliz)/\\vl 

k=n+l 



** I 



Therefore \{Ty){z)\ < (4-'^/3)||y||||2||. By (4) we have 

\{Ty){z)\<{A-y2)\\Ty\\\\z\\. 

Hence subspace T{Y) C X* is nonnorming. Part B is proved. 

Let us turn to the proof of part C. Since the space Y'^ is nonquasireflexive then 
by result 5 from the first part of the present paper there exists a subspace M of 
(F^)* such that 
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if ordinal a is infinite and such that 

if ordinal a > 1 is finite. Let N be the set of all bounded extensions of functionals 
from M onto the whole X. It is proved in [10] that 

N^a) ^ = X* (7V(,_i) ^ Ar(,) = X*). 

By separability of X there exists a normalized sequence {x^}'^^-^ such that x^. e 
N{k e N) and for L=lin({a;^}^j^) we have L(q,) ^ -^'(a+i) = X* if a is infinite and 
L(q,_i) 7^ L(q,) = X* if a is finite. 

Let us introduce operator T : X* X* by equality (3). This operator satisfies 
inequality (4) and hence is an isomorphism. Let us show that the subspace {T{Y)) C 
X* satisfy the condition 

At first let us show that 

(T(r))(i) C cl(lin(Y(i) U {xl}^^,)). 

Let z e (T(y))(i) and let the sequence {zi}°li C T{Y) be such that z = w* - 
lim^^oo ^i- We have Zi = T{yi) for certain vectors j/j eY. Since T is an isomorphism 
then the sequence {yi}'^i is bounded. We may consider without loss of generality 
that this sequence is weak* convergent. Operator T is a sum of identical and 
compact operators. Denote the second one by K. We may assume without loss 
of generality that the sequence {K{yi)}°^^ is strongly convergent. It is clear that 
its limit belongs to cl(lin({x^}^i)). Hence, z e cl(lin(y(i) U {x^f^^)). Therefore 
restrictions of functionals from (T(y))(i) to the subspace {Y^) C X belong to M. 
This implies that (T(y))(Q,) C A^(q,_i) in the case when ordinal a is finite, and 
(T(y))(-Q,) C A^(q,) in the case when ordinal a is infinite. In both cases we have 

(T(y))(«)^x*. 

Using the same arguments as in the proof of part A we can show that x^. e 
(T(r))(i). Therefore L C (T(y))(i). Hence {T{Y)) ^oc+i) = X* both when a is 
finite and when a is infinite. The proof of Theorem 3 is complete. 

Remarks. 

1. Let a > 2 be a non-limit ordinal. By arguments which were used in the 
proofs of Theorem 3 and Theorem 3.1 of [12] it follows that Banach space 
Y is isomorphic to a subspace of order a in the dual of some separable 
Banach space if and only if the space Y* contains closed separable norming 
subspace of infinite codimension. 

2. If spaces X and Y satisfy the conditions of the part A of Theorem 3 and 
X is isomorphic to a direct sum X ® Z for some infinite-dimensional (non- 
quasirefiexive) Banach space Z, then there exists an isomorphic embedding 
Q : y — > X* the image of which satisfies the conditions of the part B (C) 
of Theorem 3. 

3. If X is a separable Banach space, y is a subspace of X* and Y* is non- 
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[7, p. 147, 213] it is the case if X is a separable £oo-space (in the sense of 
Lindenstrauss - Pelczynski) and Y is nonreflexive subspace of X*. 
4. Let X = C{K) where is a metrizable compact. It follows from well- 
known properties of the spaces of continuous functions (see [7]) and Remarks 
2 and 3 that for any nonreflexive subspace Y (Z X* and every countable 
ordinal a>l there exists an isomorphic embedding T : y — > X* such that 
(T(y))(Q,) ^ (T(y))(Q,+i) = X* . It is easy to see immediately that the same 
is true for a = 0. 

Theorem 4. Let X = li® Z , where Z is a separable Banach space. Then for any 
countable ordinal a > 1 and any Banach space Y the dual of which contains closed 

separable norming subspaces of infinite codimension there exists an isomorphic em- 
bedding T :Y ^ X* such that (T(y))(„) ^ (T(y))(„+i) = X* . Conversely, the 
dual of any total subspace Y G X* contains closed separable norming subspaces of 
infinite codimension. 

Proof. Let a,b > 0. Recall that a subset A C X* is said to be (a, b)-norming if the 
following conditions are satisfied: 

(Vx e X)(sup{|a;*(a;)| : x* & A} > a\\x\\); 

sup{||a;*|| : X* e A} <b. 

Let Banach spaces X and Y be such that there exists an operator R : X ^Y* for 
which the set R{B[X)) is (a, 6)-norming subset of y* for some a > and b < +00, 
and subspace R{X) is of infinite codimension in Y*. It is easy to see that in this 
case the restriction of R* to the subspace Y C Y** is an isomorphic embedding, 
and X and R*{Y) C X* satisfy the conditions of part A of Theorem 3. By the 
quotient-universality of /i[8, p. 108] all what is said above is valid for X = li (B Z 
and any Banach space Y, the dual of which contains closed separable norming 
subspaces of infinite codimension. Using Remark 2 and part C of Theorem 3 we 
obtain the proof of the first part of Theorem 4. 

Let us turn to the proof of the second part. If subspace Y C X* is nonscparable 
then subspace cI{Hy{X)) C y* is a closed separable norming subspace of infinite 
codimension. 

Turn to the case when Y is separable. If subspace Y is not norming then re- 
peating arguments from the proof of Proposition 3.5 of [12] we find in Y* closed 
separable norming subspace of infinite codimension. 

If subspace Y is norming then we finish the proof with the use of the following 
generalization of Lemma 1 of [5] . 

Lemma 3. Let Y be a separable Banach space, whose dual contains a subspace 
isomorphic to h. Then Y* contains norming subspace of infinite codimension iso- 
morphic toll. 

Proof. Let {/j*}^^! be a sequence in Y* which is equivalent to the unit vector basis 
of Zi. The space Y is separable and so there exists a weak* convergent subsequence 
{/*(„) }~=i- Then the sequence < = f*^^^^ - f-^^n-i) e N) is a weak* nuU 
sequence which is equivalent to the unit vector basis of li. Let < c, C < 00 be 
such that 

rw/^.T.oo . 1H>^^'^\^ l^.l <r II ^ n\^\r,.\\ 
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Let {yi}'^i be dense in S{Y). For every i eN we choose a functional h* e S{Y*) 
such that h*{yi) = 1. Let {m(z)}^i be an increasing sequence of even positive 
integers satistying the condition: 

(V^eN)(b;;(,)(y,)|<c/4). 

It is clear that the sequence z* = {c/2)h* + y^^j) (^ £ N) is equivalent to the 
unit vector basis of li. Let L —d{\m{z*}°l-^). It remains to prove that L is a 
norming subspace of infinite codimension of Y*. We have < C + (c/2) and 

\z*{y^)\ > {c/2)\h*{y,)\ - \g*^^^)iyi)\ > c/4. Since {y^ : i E N} is a dense subset of 
S{Y) then L is a norming subspace of Y*. We shall show that 

MteVi}r=i)nL = {o}, 

from which it follows that L is of infinite codimension in Y* . Let us suppose that 
sequences {b^j'^i and {ai}°^i from li satisfy the equality 

oo oo oo 

Yl ^k92k-l + ^^9*m{i) = (c/2) Y ^iK- 

k=l i=l i=l 

The norm of the right-hand side of this equality is not greater than (c/2) ^ |aj|, 
and the norm of the left-hand side is not less than l^fcl + X] I'^iD- Hence all 
and all hk are equal to 0. This completes the proof of the lemma. 
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